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We study the near-threshold molecular and collisional physics of a strong 40K p-wave Feshbach resonance
through a combination of measurements, numerical calculations, and modeling. Dimer spectroscopy employs
both radio-frequency spin-flip association in the MHz band and resonant association in the kHz band. Systematic
uncertainty in the measured binding energy is reduced by a model that includes both the Franck-Condon overlap
amplitude and inhomogeneous broadening. Coupled-channels calculations based on mass-scaled 39K potentials
compare well to the observed binding energies and also reveal a low-energy p-wave shape resonance in the
open channel. Contrary to conventional expectation, we observe a nonlinear variation of the binding energy
with magnetic field, and explain how this arises from the interplay of the closed-channel ramping state with the
near-threshold shape resonance in the open channel. We develop an analytic two-channel model that includes
both resonances as well as the dipole-dipole interactions which, we show, become important at low energy. Using
this parametrization of the energy dependence of the scattering phase, we can classify the studied 40K resonance
as broad. Throughout the paper, we compare to the well-understood s-wave case and discuss the significant
role played by van der Waals physics. The resulting understanding of the dimer physics of p-wave resonances
provides a solid foundation for future exploration of few- and many-body orbital physics.
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I. INTRODUCTION

Strong p-wave interactions are rare in nature, so their ex-
treme tunability in ultracold systems [1,2] is an opportunity
for discovery [3–5]. Despite recent advances in understand-
ing, such as universal relations for p-wave systems [6–10],
open questions remain, including the effect of confinement
on Feshbach dimers [11–23] and correlation strength [24–26].
One-dimensional systems hold the prospect for duality be-
tween strongly interacting odd waves and weakly interacting
even waves [27–30], for a topological phase transition in
two-dimensional systems [31,32], and for engineered states
[33–35]. Even in three-dimensional systems, p-wave trimer
states have yet to be observed [36–39].

Experimental work on ultracold p-wave alkali systems
has focused on the fermionic isotopes 40K [1,40,41] and 6Li
[2,20,42–46], in part because s-wave collisions are easily sup-
pressed with spin polarization. Experimental investigations
have included studies of elastic and inelastic collision rates
[20,42,45–47], spectroscopy [8,41,44], and low-dimensional
confinement [18,22,23,40].
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In this work, we perform association spectroscopy to deter-
mine the binding energies of p-wave Feshbach dimers near a
strong resonance of 40K. To explain these measurements, we
offer an analytic treatment that builds on the commonly used
effective-range approximation (ERA) of p-wave scattering
[48–52],

cot δ = −(V k3)−1 − (Rk)−1 + O{k}, (1)

where δ is the scattering phase, h̄k is the relative momentum,
V is the (k-independent) scattering volume, and R > 0 is
the effective range. An alternate formulation is the unitary
S-matrix element, S = exp(2iδ), such that

S = V −1 + R−1k2 + O{k4} − ik3 − O{ik7}
V −1 + R−1k2 + O{k4} + ik3 + O{ik7} (2)

is an equivalent approximation [53].
However, the ERA is invalidated at low energy due to

a divergent contribution to the scattering volume from the
weak 1/r3 dipole-dipole potential. We offer a more complete
parametrization of terms in the scattering phase shift by fac-
toring the S matrix into three terms: Sdip for dipole-dipole
interactions, SP for the entrance channel, and SFB for the Fes-
hbach mechanism. In the 40K case SP has a shape resonance
and causes the ERA to become inaccurate for the largest
binding energies we measure. Nonetheless, V and R provide a
useful reference, since the ERA is appropriate for intermediate
energies, and the correct low-energy limit for SPSFB.
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The Feshbach resonance [54] tunes the scattering phase
primarily through the scattering volume, conventionally writ-
ten as

V (B) = Vbg

(
1 − �

δB

)
, (3)

where Vbg is the background scattering volume, δB = B − B0,
B is the magnetic field, B0 is the location of the resonance, and
� is its magnetic width. We explain how this form emerges
from the low-energy limit of a two-channel model in the
broad- and narrow-resonance cases. We also discuss how the
B-field variation of R is coupled to V (B) and linked to both
Vbg and the van der Waals volume.

Just below resonance (V > 0), scattering is controlled by a
low-energy bound-state pole of S (where cot δ = i) located at
k = iκ , with κ > 0 given by

κ =
√

3R

4V
sec

[
1

3
cos−1

(−33/2x

2

)]
, (4)

where x ≡ (R3/|V |)1/2 is a dimensionless parameter. The
bound-state energy is E = −Eb = −h̄2κ2/m, where m is the
atomic mass of 40K. Its series expansion for x � 1 is

Eb ≈ h̄2R

mV

(
1 + x + 3

2
x2 + 21

8
x3 + · · ·

)
. (5)

In contrast to an s-wave Feshbach resonance, where the dimer
binding energy curves quadratically with magnetic field to-
wards the collision threshold, the p-wave Eb tends to scale
linearly across threshold, as the Feshbach dimer state is con-
fined by the centrifugal barrier. One can see this from the
near-linearity of V −1 in Eq. (3), for |δB| � �. Also in contrast
to the s-wave case, the binding energy depends on the effective
range to lowest order.

At the other side of the Feshbach resonance (V < 0),
scattering is controlled by a pole in the fourth quadrant of
the complex k plane, adding a width to the resonance [55].
Although this pole controls the scattering phase, it does not
correspond to a true molecular state. Instead, it creates a
positive-energy scattering resonance (cot δ = 0) at

E0 = − h̄2

m

R

V
(6)

with which the resonant contribution to the phase shift
can be written cot δ(E ) = −E1/2

R (E − E0)E−3/2, where ER =
h̄2m−1R−2. An approximate form of the angle-averaged scat-
tering cross section, 4πk−2 sin2 δ in each ML channel, is a
Lorentzian with half-width

�0

2
= E3/2

0

E1/2
R

. (7)

We see that unlike s-wave scattering, ultracold p-wave scatter-
ing is energetically narrow: �0/E0 → 0 as E0 → 0. For this
reason, the near-threshold resonance is commonly referred to
as a “quasibound” state. The nature of these states is further
illustrated in Sec. III.

The following sections explore the near-threshold molec-
ular and collisional physics of the commonly used p-wave
resonance of 40K around 198.5 G. In Sec. II we determine the

dimer resonance locations as a function of magnetic field us-
ing analytic models for the line shapes. These measurements
extend the pioneering work of Gaebler et al. [41] to higher
precision and to a wider range of magnetic fields. Energies are
compared to a full coupled-channels calculation (Sec. III) that
updates prior work [56], enables us to identify the molecular
physics that creates the Feshbach resonance, and allows us to
identify the range of validity of simplified models. We find a
departure from linear variation of the p-wave binding energy
versus magnetic field and explain its origin in the coupling
to a shape resonance above threshold. In Sec. IV we develop
an analytic two-channel model that treats both resonances in
the open and closed channels. Here strong coupling manifests
as a field dependence of the effective coupling between the
channels. In Sec. V we provide a parametrization of p-wave
scattering based on this model. We summarize in Sec. VI.

II. DIMER SPECTROSCOPY

Fermionic 40K has a nuclear spin of four and a 2S 1
2

ground
state, giving rise to two hyperfine states in the ground state
manifold with total spins f = 9/2 and 7/2, respectively hav-
ing ten and eight spin components with projection m f [57].
We use the convention of labeling these states |a〉, |b〉, |c〉, . . .

in order of increasing energy at nonzero magnetic field. Due
to the inverted hyperfine structure of the 40K atom, the lowest
energy state |a〉 is | f , m f 〉 = |9/2,−9/2〉, the next state |b〉
is |9/2,−7/2〉, and so forth. The p-wave (L = 1) Feshbach
resonances of interest here live in the |bb〉 entrance channel
near 198.3 G and 198.8 G.

A. Association spectra

Dimer spectroscopy typically begins with a gas of 3 × 104

atoms held in a crossed optical dipole trap with a mean trap
frequency of 2π × 320 Hz, at temperatures ranging between
0.2 μK and 0.5 μK. Microfabricated silver wires on an atom
chip several hundred microns from the atomic cloud create
oscillating magnetic fields that drive molecular association.
Since the average collisional energy is comparable to 10 kHz,
the order-100-kHz dipolar splitting between the ML = 0 and
|ML| = 1 scattering channels is well resolved, which is an
advantage for the study of p waves over 6Li, for which |ML|
channels are an order of magnitude closer [2,18,42,44,58]. In
neither species can the splitting between ML = +1 and −1
due to spin-orbit coupling [59] be resolved. Our magnetic
field, calibrated via the Breit-Rabi formula, has a statistical
uncertainty of 10 mG due to a combination of magnetic field
noise and long-term drift.

Dimer binding energies are measured in two different pro-
tocols: resonant association (RA) and spin-flip association
(SFA). For RA, also used in the first observations of p-wave
dimer states [41,44], a spin-polarized cloud is prepared in
the |b〉 state, and B is tuned to the desired value, between
195 G and 200 G. The oscillating field direction is aligned
with the Feshbach field, driving �m f = 0 transitions from
free pairs of atoms to dimers, as illustrated in Figs. 1(b)
and 1(d). Since the initial and final states share the same
continuum threshold, free atoms with energy Ek are able to
associate into either bound dimers with energy Ek − h̄ωosc,
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FIG. 1. Dimer association spectroscopy. (a, b) Resonant association to a bound state: atom number remaining versus RA oscillation
frequency at 197.80(1) G. The observed resonance is a |ML| = 1 bound state with Eb/h = 92.9(1.5) kHz, indicated by a green vertical line. (c,
d) Resonant association to a quasibound state at 199.30(1) G, corresponding to E0/h = 210(4) kHz in the |ML| = 1 channel. (e, f) Spin-flip
association to a bound state: atom number remaining versus the difference between SFA oscillation frequency and the spin-flip frequency at
197.00(1) G. The observed resonance is a |ML| = 1 bound state with Eb/h = 262.7(8) kHz. (g, h) Spin-flip association to a quasibound state
at 199.30(1) G, corresponding to a quasibound state in the |ML| = 1 channel with energy E0/h = 182(5) kHz. In panels (a), (c), (e), and (g),
the solid red lines show fits of the spectroscopic data with Eqs. (10), (11), and (12). The shaded bands around the line shapes (in red) and
resonance locations (in green) represent 1σ confidence intervals. Vertical axes are scaled and offset from zero for clarity. Insets (b), (d), (f), and
(h) illustrate each spectroscopy protocol. Dimer decay (represented by the blue arrow) produces untrapped final states and the loss signature.

or quasibound dimers with energy Ek + h̄ωosc, where ωosc is
the oscillation frequency of the field. The cloud is released
from the trap and imaged after Stern-Gerlach separation to
count atoms remaining in each spin state. Typical frequency-
dependent loss curves are shown in Figs. 1(a) and 1(c). Atom
number, imaged here at 209 G, is a signature of molecular
association since dimers decay on a millisecond timescale,
through several mechanisms [1,20,42]. At low density, loss is
due to dipolar relaxation [42,56] to the open |ab〉 channel (see
Sec. III and Fig. 4), whose release energy ejects the pair from
the optical trap (of depth �0.1 MHz) with high efficiency. At
high density, three-body loss becomes increasingly important
[1,42]. Our analysis assumes the combined loss rate of dimers
is fast, so that it is a faithful signature of association.

The SFA protocol begins with a mixture of free |a〉 and |b〉
atoms. Spin-flip transitions between these states are induced
by the σ+-polarization component of the radio-frequency (rf)
field near 44 MHz, as illustrated in Figs. 1(f) and 1(h). Typical
SFA spectroscopic curves are shown in Figs. 1(e) and 1(g).

Comparing Figs. 1(e) to 1(a), we see that the asymmetry
of bound spectra inverts, since for SFA the dimer energy is
always Ek + h̄ωosc − h̄ωab, where ωab is the bare spin-flip
transition frequency, whereas for RA the dimer energy is
Ek − h̄ωosc for bound states.

The loss signatures shown in Figs. 1(c) and 1(g) differ, for
the following reason. In the SFA protocol, the creation of a
quasibound dimer is tagged by the conversion of an |a〉 to a
|b〉 atom, which is not reversed by dissociation into a pair of
|b〉 atoms. In the RA protocol, quasibound dimers that decay

through the centrifugal barrier are not necessarily lost, but
can simply re-convert to two free atoms. We correct for this
in the line-shape model, as presented in Sec. II B 2. Despite
these differences, the dimer energies determined by these two
protocols agree within experimental uncertainty.

B. Line shapes and atom loss

In order to fit the spectral lines, we start with an analysis
of the transition rate γ from an initial free state |i〉 to a final
(quasi)bound state |f〉. We assume the role of atom-dimer
coherence is negligible, since the pulses are long compared
to the dimer lifetime. (This is supported by calculations of the
dimer lifetime, shown in Fig. 4 and discussed in Sec. III.)

To first order, the transition rate is

γ = 2π

h̄
|〈f|H ′|i〉|2, (8)

with the perturbing Hamiltonian H ′ that drives the transition.
This rate scales linearly with the Franck-Condon (FC) factor
Ffi, where

Ffi =
∣∣∣∣
∫

ψ∗
i (r)ψf (r) dr

∣∣∣∣
2

, (9)

with energy-normalized incident wave function of relative
motion ψi(r), with internuclear separation r, living in the
entrance channel and (quasi)bound-state wave function ψf (r)
living in the outgoing channel. As outlined in Sec. II A, the
RA protocol does not involve channel transitions. In this
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situation both ψi(r) and ψf (r) correspond to the nonorthogo-
nal wave function components in the entrance |bb〉 channel of
the multichannel Feshbach system described in Appendix A.

Knowing how to compute the line shape for both proto-
cols, we are now left with the task to relate the formation of
(quasi)bound states to the experimentally observed atom-loss.
To ease this procedure, we note the analogy between the
protocols used here and the photoassociation (PA) process as
discussed in Ref. [60]. Using a perturbative approach and the
approximations outlined in Appendix B, we find that in the
case of free-to-bound-state transitions, the number of atoms
lost from the trap is

δN (ωosc) = AN P(T, Ek )Ffi, (10)

where AN is an undetermined proportionality coefficient,
P(T, Ek ) represents the thermal distribution of the incom-
ing (free) particles, and Ek = −Eb + h̄ωosc in the RA case,
or Ek = −Eb − h̄ωosc + h̄ωab in the SFA case, as discussed
above (Sec. II A). We analyze our data with a Fermi-Dirac
distribution P(T, Ek ), and compare to the use of a Maxwell-
Boltzmann distribution in Sec. II C.

In the case of free-to-quasibound transitions, we need
to consider off-resonant transitions. For the SFA protocol,
Eq. (10) is replaced with

δNSFA = A′
N

∫ ∞

kmin

P(T, E )Ffi(kq ) dkq, (11)

where E = Eq − (h̄ωosc − h̄ωab), Eq = h̄2k2
q/m, and kmin =√

m(ωosc − ωab)/h̄. For the RA protocol,

δNRA = A′
N

∫ ∞

kmin

[P(T, E ) − P(T, Eq )]Ffi(kq) dkq, (12)

where E = Eq − h̄ωosc, kmin = √
mωosc/h̄ and where the sec-

ond term on the right-hand side of Eq. (12) has been added
to correct for the zero transitions in the |bb〉 channel. The
implicitly assumed hierarchy of spectral widths is discussed
in more detail in Appendix B. Equations (10) through (12)
indicate how the atom loss is directly related to the line shape.
The calculation of the line shape in the case of free-to-bound
and free-to-quasibound transitions will be discussed in the
following two subsections.

1. Free-to-bound transitions

Starting our analysis of the Franck-Condon factor for free-
to-bound transitions, we consider the overlap between the
radial component of the bound-state wave function ψf (r) =
ub(r)/r and the scattering state ψi(r) = usc(r)/r. In the
asymptotic region, r � rc, with short-range cutoff rc, the
bound state is [7]

ub(r) = √
rc

(
1

r
+ κ

)
e−κr . (13)

The radial component of the energy-normalized scattering
state in the asymptotic region in turn can be expressed as

usc(r) =
√

m

π h̄2k
[cos(δ) ĵ1(kr) + sin(δ) n̂1(kr)], (14)

with k-dependent scattering phase δ and Ricatti-Bessel func-
tions ĵ1 and n̂1. Whereas the above asymptotic wave functions

do not capture the correct behavior at short range, we approx-
imate the rapid and out-of-phase oscillations of usc(r) and
ub(r) that occur for deep potentials to lead to a vanishingly
small overlap. Consequently, we neglect the short-range con-
tribution to the FC overlap.

Substitution of Eqs. (13) and (14) into Eq. (9) results in the
overlap

Ffi = m

π h̄2

e−2κ

k3rc(k2 + κ2)2
|krcκ

2 cos(krc + δ)

− [κ2 + k2(1 + rcκ )] sin(krc + δ)|2. (15)

In the experimentally relevant regime, we can simplify
Eq. (15) significantly. In our measurements, a typical collision
energy is 5 kHz, and binding energies range between 14 kHz
and 700 kHz. The maximum value of R at the Feshbach
resonance is ≈1.16rvdW [37,61,62], where rvdW ≈ 65.0223 a0

for 40K [63]; for this resonance, R ∼ 50 a0, as we discuss later.
Since R and rvdW are comparable, so are the energy scales that
correspond to them, ER and EvdW, both on the 20 MHz scale.
(See further discussion in Secs. III A and V.) We furthermore
assume that the binding energy of the lowest-lying dimer in
the open channel, E ′

b, is set only by van der Waals physics. In
sum, the typical hierarchy of energy scales in our experiment
is

Ek, |Eb| � {ER ∼ EvdW ∼ |E ′
b|}. (16)

Equivalently, there is a separation of length scales and mo-
menta:

k and {κ ∼
√

R/|V |} � {
R−1 ∼ r−1

vdW

}
. (17)

These inequalities give us two small parameters:

kR � 1 and

√
R3

|V | � 1, (18)

where
√

R3/|V | was defined as x in the Introduction.
A natural scale for the cutoff rc is also set by the short-

range length scale, R ∼ rvdW. The asymptotic wave functions
used have neglected the van der Waals C6/r6 potential, where
C6 = 16r4

vdW h̄2/m, but not the centrifugal 1/r2 barrier. The
interplay between these is indicated by the first zero crossing
of the combined effective potential, −C6r−6 + (2h̄2/m)r−2,
which is 23/4rvdw. This is, for instance, the inner classical
turning point of the centrifugal barrier in the low-energy limit.
Since the resulting line shape is independent of the precise
cutoff chosen, and rvdW is comparable to R, we choose to fix
rc = R from here forward.

Applying the small parameters to the computation of the
overlap resulting from Eqs. (13) and (14), we find that the FC
overlap for a free-to-bound transition can be approximated as

Ffi ≈ m

π h̄2

Rk3

(k2 + κ2)2
= 1

π

E−1/2
R E3/2

k

(Ek + Eb)2
. (19)

In the high kinetic energy limit Ek  Eb, Eq. (19) scales as
E−1/2

k , in agreement with the scaling law of the p-wave contact
and with a numerical prefactor of 2R, corresponding to the
value of the p-wave contact of a Feshbach dimer [6–10]. With
Eq. (19) and the thermal factor P(T, Ek ) discussed in Sec. II C,
Eq. (10) can now be used to fit free-to-bound spectral data.
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2. Free-to-quasibound transitions

Once the closed-channel dimer crosses threshold, it ac-
quires a finite resonance width. As outlined in Appendix B,
this width has to be taken into account in the computation of
the atom loss, meaning that we need to consider the possibility
of resonant as well as nonresonant transitions to the quasi-
bound state. Additionally, we require the quasibound wave
function uq(r) to be of the form of the scattering wave function
as presented in Eq. (14), as the wave function beyond the
range of the potential barrier behaves as a scattered wave with
wave number kq and phase shift δq. The phase shift of this
scattered wave provides us with the scattering volume and the
effective range of the |bb〉 channel, such that we can compute
the energy of the positive-energy scattering resonance E0 as
detailed in Sec. I.

As described in Appendix C, the implementation of Eq. (9)
allows for the formulation of an analytic expression of the
FC overlap for a free-to-quasibound transition. In the case
of the SFA protocol, we can additionally use the two small
parameters as presented in Eq. (18) in order to obtain the
simplified expression

Ffi(kq ) ≈ m2

π2h̄4

k3 sin2(δq)

k3
q

(
k2 − k2

q

)2 for k �= kq. (20)

Analogously to the computation of the bound-state atom loss,
we can straightforwardly substitute Eqs. (C2) and (20) into
Eqs. (11) and (12), respectively, to fit the experimental atom
loss and find the resonant energy E0.

C. Determination of the Feshbach dimer energy

Dimer energies are determined by a fit of spectroscopic
data to Eqs. (10), (11), and (12). We use the Monte Carlo
bootstrap method [64,65] for fitting and uncertainty estima-
tion. In brief, this method works as follows: we randomly
sample M times from the M data points in each data set
with replacement. The resulting collection of M points (with
individual data points randomly omitted or repeated) is fit,
yielding best-fit parameters Eb or E0, N , T , and AN . This
procedure is repeated 5000 times for bound-state data and
500 for quasibound data (due to constraints on computing
time and the increased complexity of the quasibound fitting
function). The strength of the method is that it does not rely
upon a prior assumption of a probability distribution. Data
sets are excluded when the distribution of best-fit parameters
is significantly skewed or non-Gaussian. Otherwise, we take
the median of the resulting parameter distributions as the
overall best-fit parameters, and use 1σ confidence intervals
for uncertainties.

The vertical green bars in Fig. 1 show examples of binding
energies determined by this procedure. It is striking, espe-
cially for Figs. 1(a) and 1(e), how far Eb/h is from the loss
peak. The accuracy of the determination depends upon the FC
factor, which adds a significant asymmetry to the thermally
broadened line shape. By comparison, we find that extrapo-
lation of the frequency of maximum loss at finite EF to zero
EF , as used in Ref. [41], overestimates the binding energy by
roughly 10 kHz in our typical experimental conditions. This

emphasizes the critical role of the line-shape functions found
in Sec. II B.

For these fits, we use a collisional factor based on the
Fermi-Dirac distribution n̄(μ, ε), where μ is the chemical
potential and ε is the single-particle energy. The probability
distribution of relative momentum k averaged over the inho-
mogeneous density distribution in the trap is

PFD(k) = N k
∫

d3kav

∫
d3r n̄(μL, εA) n̄(μL, εB), (21)

where kav is the average momentum, r = (xωx + yωy +
zωz )/ω̄ is the rescaled position in the trap, μL = μ −
mω̄2r2/2 is the local chemical potential, and εA,B =
(h̄2/2m)(k ± kav)2. Since the energy of the cloud is rotation-
ally symmetric in free space, all three ML channels see the
same distribution, and one can choose an arbitrary axis for
k so long as |k| = k. The leading factor of k accounts for
relative-velocity weighting of the the event rate [60]. Here N
is a normalization factor, chosen so that

∫
P(T, Ek ) dEk = 1,

where P(T, Ek )dEk = 4πk2PFD(k)dk. This treatment takes a
semiclassical isotropic limit, which should be valid due to
the large number of fermions in the trap, and relatively weak
trap. We use PFD distributions generated at the measured
T = 0.3TF ; refitting with T = 0.4TF shifts binding energies
by less than 1 kHz. By comparison, a Maxwell-Boltzmann
distribution was found to give a ∼3 kHz shift towards larger
binding energy, roughly independent of magnetic field. We
do not attempt to account for shifts in the distribution due to
weak interactions, and in data acquisition avoid the strongly
interacting regime (−0.05 G < δB < 0.4 G, as delineated in
Ref. [8]).

Our trapping light introduces two possible systematics: AC
Stark shifts and confinement-induced shifts. In the separated-
atom limit, since our 1064-nm trapping beams are far-detuned
compared to the hyperfine splitting, even circularly polar-
ized trapping beams would create a negligible differential
light shift. A coincidental molecular transition could cause
a more significant shift, but none exists to our knowledge.
Since the measured Eb/h̄ and E0/h̄ are much larger than the
trap frequencies, confinement has a negligible effect on the
dimer wave functions [66]. Similarly, the discretization of
the continuum will affect the thermal model at the sub-kHz
scale, smaller than statistical uncertainties. Our two-body FC
coefficient does not take into account possible three-body
processes [1,42,67] or many-body correlations. We restrict our
data collection to fields at which driven dimer association is
expected to dominate atom loss.

Figure 2 shows the best-fit dimer energies from roughly
eighty spectra, taken at magnetic fields ranging from 195.5 G
to 200 G. A striking feature in our data is a nonlinearity in
the binding energy versus magnetic field. Figure 2(b) shows
the deviation from a linear trend, indicated by the dashed
line in Fig. 2(a). Evidence for nonlinearity was first found
in Ref. [41], since piecewise-linear fits to binding energy
versus δB above and below threshold did not lead to the same
zero-energy Feshbach resonance location. Since our measure-
ments probe a wider range of fields, the curvature in binding
energy appears clearly. We find good agreement, especially
for bound-state energies, with coupled-channels calculations
(shown as black lines and discussed in Sec. III). Allowing for
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FIG. 2. p-wave dimer energy versus magnetic field. (a) Experimental best-fit results for ML = 0 (|ML| = 1) are shown in red (blue), with
1σ error bars. The dashed lines show a linear fit, and the solid lines show coupled-channels calculations of the dimer energy. The shaded
region above resonance shows ± 1

2 �0/h, where �0 is the calculated energetic width of the scattering resonance. (b) The deviation from a linear
fit clearly shows the bending of the bound state near resonance as explained in Sec. III B. (c, d) The residual deviation between the data and
the coupled-channels calculation. The shaded gray band gives the energetic width ± 1

2 �0/h of the quasibound states. Since �0/2 → E 3/2
0 E−1/2

R

near threshold and the two components have similar R, the widths are indistinguishable on this plot.

an overall magnetic-field shift in calculated binding energies,
we find a best-fit −7.3 mG with 1.0 mG statistical uncertainty
and 5 mG estimated systematic uncertainty. Figures 2(c) and
2(d) show residuals of this comparison, with an rms scatter
in Eb of 4 kHz, comparable to the statistical errors of the
individual spectra.

Figure 2(d) shows increased scatter and a possible trend
in the difference between measured and calculated E0. This
could be explained in part by heating and polarization of
the cloud during spectroscopy. Quasibound dimers that decay
through the centrifugal barrier create atoms with a relatively
large kinetic energy, which rapidly heat the cloud. For SFA of
quasibound atoms, a similar process also spin polarizes the
cloud since |a〉 atoms are irreversibly converted into high-
energy |b〉 atoms. We mitigate this effect by fitting just the
remaining |a〉 atoms after our rf pulse [see Fig. 1(g)]. An-
other systematic may come from increasing overlap between
the ML = 0 and |ML| = 1 channels, which restricts the spec-
troscopic range. The linewidth of the scattering resonances
increases roughly as (B − B0)3/2, causing the features to over-
lap beyond ∼201 G, as illustrated in Fig. 3(d) and discussed
in the next section.

III. COUPLED-CHANNELS CALCULATIONS

We carry out standard coupled-channels (CC) calculations
[68–70] based on the known atomic matrix elements of the
full spin Hamiltonian [71] and the 1�+

g (singlet) and 3�+
u

(triplet) molecular potentials for the 40K2 dimer molecule.
We mass scale the 39K2 singlet and triplet potentials of Falke
et al. [63] without Born-Oppenheimer corrections and use the
effective spin-dipolar coupling determined by Ref. [72]. We
use the molscat [73,74] and bound [75,76] packages to
calculate the needed scattering S-matrix and near-threshold
bound-state energies for two 40K atoms, as illustrated in
Fig. 3. These are calculated without adjustable parameters.
The excellent agreement between the CC predictions and the
measured p-wave resonance is much better than the same
comparison for the s-wave resonance (see Appendix E). This

agreement in the p-wave case gives us confidence in the ac-
curacy of CC predictions over wider range of field and energy
near threshold.

A scattering channel f1m f1 f2m f2 LML is specified by the
f , m f values of the two atoms that are interacting and the “par-
tial wave” quantum numbers L, ML of their relative angular
momentum. The total angular momentum projection quantum
number

Mtot = m f1 + m f2 + ML (22)

is conserved, allowing us to block the Hamiltonian according
to the Mtot value.

Since we are interested in collisions of two |b〉 atoms,
and identical fermions collide only with odd L values, the
threshold channels of interest are the |bb〉 p-wave ones with
L = 1 and ML = −1, 0, or 1, for which Mtot = −8, −7,
and −6, respectively. These three Mtot values in turn give
rise to Hamiltonian blocks with 8, 13, and 20 p-wave spin
channels for the separated atom states |i j, ML〉, where i and
j represent the states (a, b, c, . . .) consistent with Eq. (22)
for a given ML. Figures 3(a) and 3(b) show the channel en-
ergies and magnetic moments of the five lowest channels of
the Mtot = −7 block that contains the |bb, 0〉 channel. The
only open p-wave channels for low collision energy E/h less
than 1 MHz in the 200 G region are |aa,+1〉, |ab, 0〉, and
|bb,−1〉 for Mtot = −8, |ab,+1〉 and |bb, 0〉 for Mtot = −7,
and |bb,+1〉 for Mtot = −6; all other channels are closed
at such low energy (meaning the channel energy is larger
than E ).

Bound states below the |bb〉 threshold with Mtot = −7 and
−8 can decay by spin-dipolar relaxation if they lie energeti-
cally above one of the p-wave open channels for some field
B; however, bound states with Mtot = −6 can decay only
to an L = 3 f -wave open channel [77]. We include f -wave
basis functions in the CC calculations for the decay rates, but
they are not necessary for the energy positions, which change
negligibly (less than 1 kHz) when f waves are introduced.
For simplicity in the following, when Mtot is specified, we
suppress the implied ML in the ket notation.
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FIG. 3. p-wave properties versus magnetic field. (a) Separated-atom energies of the five lowest spin channels of f1 = 9/2, f2 = 9/2 spin
character in the p-wave Hamiltonian block for Mtot = −7. (b) The magnetic moments of the five spin channels of lowest energy. (c) Calculated
bound-state energies and scattering probabilities over a wide scale of E and B of ±100 MHz and 100 G, where E = 0 represents the separated
atoms energy of the |bb〉 channel. The solid red line shows the ML = 0 level that makes the 198.8 G Feshbach pole studied in the experiment;
the dashed red line approximates the corresponding “bare” closed-channel state. The green line shows the closed-channel bound state that
makes a narrow resonance near 170 G (see Appendix D). The color contours above threshold show the loss 1 − |Sbb,bb|2 from the |bb〉 channel;
red indicates near unitary maximum loss and blue indicates minimal loss. The dashed black line indicates the region of the ≈ 7 MHz shape
resonance in the |bb〉 channel. Loss from |bb〉 is almost entirely due to strong decay of the closed-channel resonance to the |ac〉 channel.
(d) Near-threshold properties over a scale of ±1 MHz and 10 G. The blue and red lines show the CC bound-state energies of the ML = 0 (lower)
and |ML| = 1 (upper) levels that cross threshold at 198.8 G and 198.3 G respectively. The color contours show the averaged near-threshold
elastic scattering probabilities of the three ML components, Eq. (27).

A. van der Waals character of threshold scattering

The CC calculations reveal the spin character of the bound
and quasibound states of the 40K2 dimer. Due to the rela-
tively low mass of the 40K atom, these states are sparse near
threshold. Furthermore, they are relatively easy to understand,
although complicated by the spin mixing among the various
spin channels. It is easiest first to sketch out the vibrational
and rotational character of these states in terms of the long-
range van der Waals character of the long-range singlet and
triplet potential with a leading term that varies as −C6/r6. This
potential is characterized by the length [50,78,79]

ā = 2π

�(1/4)2

(
2mrC6

h̄2

) 1
4

= 4π

�(1/4)2
rvdW (23)

and corresponding energy

Ē = h̄2

2mrā2
, (24)

where mr is the reduced mass, such that ā ≈ 0.9559776 rvdW.
Since both atoms are in electronic 2S1/2 ground states, the co-
efficient C6 ≈ 3925.91 Eha6

0 [63] is the same for all channels,
where Eh is the Hartree energy, and a0 is the Bohr radius. For
two 40K atoms, ā = 62.160 a0 and Ē/h = 23.375 MHz.

The spectrum of a van der Waals potential gives much
insight into the states near threshold [54,80]. Quantum defect
theory shows that given the s-wave scattering length a of a
van der Waals potential, the states and scattering properties
near threshold of the other partial waves are also determined
[50,61,81]. When a  ā the binding energy of the last s-wave

bound state is universal, E−1 = Ē/(a/ā)2, and the p-wave
phase shift is [82]

tan δL=1(k) ≈ 2k3V̄
a − ā

a − 2ā
, (25)

where V̄ is the van der Waals volume,

V̄ = �(1/4)6

144π2�(3/4)2
ā3 = 4π

9�(3/4)2
r3

vdW. (26)

For two 40K atoms, V̄ ≈ (0.9760 rvdW)3 ≈ (63.464 a0)3.
One sees from Eq. (25) that tan δL=1 diverges at threshold

when a = 2ā. This implies there is a p-wave bound state at
E = 0. For a range of a � 2ā that bound state becomes an
open-channel “shape resonance,” which is a quasibound state
above threshold trapped inside the centrifugal barrier of the
p-wave potential. This leads to enhanced amplitude of the
scattering wave function inside the barrier near the energy of
the quasibound state, which manifests in the broad loss fea-
ture shown in Fig. 3(c). If we approximate the “background”
scattering length for the fictitious |bb〉 s-wave channel to be
that of the 40K2 triplet potential, 169.2a0, then a/ā ≈ 2.7 [63],
and we can expect the |bb〉 channel to have such a shape
resonance. In fact, the quantum defect theory predicts a broad
maximum in p-wave scattering amplitude inside the barrier
around a collision energy of E/h ≈ 7 MHz. The resonance is
broad and asymmetric, since this is an energy above the top
of the p-wave barrier 5.8 MHz, or 280 μK. The CC calcula-
tions demonstrate that such a p-wave shape resonance actually
exists in this region, as indicated by the black dashed line
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in Fig. 3(c). The location and width of the shape resonance
becomes a key parameter in the model developed in Sec. IV.

B. Near-threshold molecular physics

Since the “last” p-wave bound state in the |bb〉 channel is
an above-threshold shape resonance, there are no other |bb〉
levels near threshold. The actual last level with dominant
|bb〉 character lies around 1.2 GHz below threshold. There
is a cluster of p-wave components of mixed singlet-triplet
character starting around −120 MHz near B = 0 and crossing
threshold in the 200 G region. The solid red line in Fig. 3(c)
shows the Mtot = −7 level that interacts strongly with the
|bb〉 and |ac〉 channels through short-range spin exchange
to make the ML = 0 p-wave bound and quasibound levels
studied in this experiment. Figure 3(d) shows the calculated
energies of the ML = 0 and degenerate ML = ±1 levels below
threshold and their continuation above threshold as scattering
resonances that broaden with increasing E due to tunneling
through the p-wave centrifugal barrier. These levels are ap-
proximately 60% singlet in character, and 80% of their norm
comes from a mixture of |aq〉 and |br〉 spin channels asso-
ciated with one ground 9/2 and one excited 7/2 hyperfine
component.

The green Mtot = −7 level in Fig. 3(c) interacts only very
weakly with the |bb〉 channel through spin-dipolar interac-
tions. It is a ML = −1 level of dominant singlet character with
80% of its norm coming from a mixture of the |ap〉 and |cr〉
channels. Both bound levels in Fig. 3(c) have similar slopes at
B = 120 G, δμ/h = 1.59 MHz/G for the lower and δμ/h =
1.61 MHz/G for the upper. The upper level is barely curved,
having a slope of 1.51 MHz/G where it crosses threshold near
170.6 G to make a very weak, narrow p-wave resonance (see
Appendix D). By contrast, the bent lower level has a rapidly
decreasing slope as it takes on more |bb〉 character in ap-
proaching threshold, having a value of 0.20 MHz/G at 198 G
just below its threshold crossing. We estimate the approxi-
mate position of the “bare” (or “undressed”) closed-channel
bound state in the dashed red line of Fig. 3(c) by displacing
the weakly interacting solid green line by 2.5 G to higher
B, which is the separation of the two states at 120 G. This
gives Bn ≈ 173 G, roughly 26 G below B0. The parameter
�res = δμ(B0 − Bn) is discussed further in Sec. IV B.

Figure 3(c) shows the bending of the bound state of the
broad Feshbach resonance as it approaches threshold from
below. While the scattering behavior in the continuum is com-
plex, affected by the interaction of the red dashed ramping
“bare” state with both the |bb〉 and |ac〉 channels indicated
by strong |bb〉-to-|ac〉 loss mediated through the resonance,
the qualitative picture in Fig. 3 suggests an “avoided cross-
ing” between this ramping closed-channel state and the above
threshold |bb〉 shape resonance in the |bb〉 channel. The
“lower branch” of the “crossing” connects the lower curving
bound states Figs. 3(c) and 3(d) with the shape resonance
at high B, whereas the “upper branch” of the “crossing”
distorts the shape resonance at low B to join into an above-
threshold p-wave Feshbach resonance of dominant singlet
character extending to high E and B. This resonance of the
upper branch shows up prominently in the sloping broad
(roughly 30 MHz wide) red contour of unitary loss where

FIG. 4. Feshbach dimer decay rates versus magnetic field B.
Calculated decay widths of the ML = −1, 0, and 1 levels in
Fig. 3(d) from coupled-channels calculations that include p- and
f -wave basis functions. The ML = ±1 and 0 levels decay below
the |bb〉 threshold to |ab〉 or |aa〉 exit channels through dipolar spin
relaxation. The decay rate of the ML = +1 level below the |bb〉
threshold is smaller than the ML = −1 level since it can decay only
to centrifugally suppressed f -wave exit channels. All levels show a
rapid onset of decay by tunneling through the centrifugal barrier once
the levels cross the |bb〉 threshold. The level lifetimes are found by
τ = 1/�0. Dashed lines show decay rates calculated from Eq. (7)
using parameters from the bottom row of Table II.

1 − |Sbb,bb|2 ≈ |Sbb,ac|2 ≈ 1 in Fig. 3(c). This quasibound fea-
ture, with a slope corresponding to a small absolute magnetic
moment on the order of −0.1 MHz/G in the 300 G region,
is the second p-wave level associated with a van der Waals
potential with the singlet scattering length of 104a0 [63] lying
below the cluster of channels with separated atom spins of 9/2
and 7/2.

Since there is no strong loss from the |bb〉 to the |ac〉
channel below the |ac〉 threshold, which lies approximately
2 MHz above |bb〉 in this region of B, Fig. 3(d) shows the
elastic scattering probability in the near-bb-threshold region
shown by the sum

0 � 1

3

1∑
ML=−1

|1 − Sbb,bb(E , B; ML )|2
4

� 1. (27)

In the limit of no loss (see Sec. IV), 1
4 |1 − Sbb,bb|2 = sin2 δbb.

Just above threshold, the ML = 0 bound state and the two
degenerate ML = ±1 states emerge as quasibound levels that
act as isolated normal p-wave resonances with well-defined
positions and widths, which we calculate using the algorithm
in the molscat package [73,74,83].

The calculated widths are shown in Fig. 4. Below res-
onance, these calculations also make an updated prediction
for the maximum lifetime of the p-wave Feshbach dimers:
τ = �−1

0 � 2.1 ms for ML = −1, � 12 ms for ML = 0, and �
8.7 ms for ML = +1. These lifetimes are roughly 30% higher
than the original predictions made in Ref. [41], primarily due
to the inclusion of an effective spin coupling from Ref. [72],
which results in a smaller decay rate and consequently longer
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FIG. 5. p-wave scattering probabilities versus collision energy
E. (a) At 199.3 G, the elastic scattering probability ( 1

4 |1 − Sbb,bb|2,
dashed line) and inelastic loss probability (1 − |Sbb,bb|2, solid line)
on a log scale versus collision energy for the the relatively narrow
resonance with Mtot = −7, ML = 0 at E/h ≈ 87.6 kHz with a width
�0/h ≈ 8.5 kHz. The weak loss to the |ab〉 channel shows a peak
at the same location as the unitary elastic scattering probability.
(b) Similar figure for the resonances at 210 G. While the Feshbach
resonance near 1.5 MHz with a width of 0.75 MHz shows up promi-
nently in elastic scattering probability, the p-wave shape resonance
is prominent in the unitary inelastic loss from the |bb〉 channel to the
|ac〉 channel.

lifetime. The ML = 0 lifetime is also consistent with the ex-
perimental lower bound given in Ref. [84].

Figure 5 shows elastic and inelastic scattering properties
versus E for cuts at constant B. Both cuts show that the
Feshbach resonances below the |ac〉 threshold feature promi-
nently in the unitary peak in elastic scattering probability. The
shape resonance shows up prominently in inelastic loss, with
a rapid onset versus energy when the |ac〉 channel opens near
2.5 MHz in Fig. 5(b). The log plot in Fig. 5(a) shows that
the weak dipolar loss from |bb〉 to the |ab〉 channel mirrors
the Feshbach peak; a similar loss to |ab〉 would show up in a
log plot of Fig. 5(b), but approximately 100 times smaller in
peak magnitude and much broader in resonance width due to
the 100-fold larger width at 210 G as compared to 199.3 G.

The larger width is due to much faster tunneling through the
centrifugal barrier.

IV. MODEL FOR P-WAVE SCATTERING

The coupled-channels analysis has allowed us to delineate
an experimentally relevant regime of energies and fields in
which |bb〉 is quite weakly coupled to loss channels, i.e., the
limit in which the diagonal |Sbb,bb| → 1. We now show that the
scattering in this regime can be analyzed in terms of a simple
model that retains only the shape resonance, the Feshbach
resonances, and the dipole-dipole interaction. Written as a
scattering S matrix,

S = SPSFBSdip. (28)

In other words, this breaks the scattering phase into three
contributions, δP + δFB + δdip. Our model is elastic, with real
δ and unitary S for each component.

In the following section, we derive simple analytic ex-
pressions that allow us to parametrize the field and energy
dependence of the p-wave scattering phase. Although we fit
the model parameters to the CC results for 40K, it should
also provide a useful framework to understand elastic p-wave
scattering in 6Li or any other cold gas.

A. Open-channel shape resonance

As seen in Fig. 5(b), the p-wave shape resonance at 7 MHz
is asymmetric, in part because it lies near the top of the p-wave
centrifugal barrier and in part because its strong coupling to
the |ac〉 channel is truncated by the |ac〉 energetic threshold
discussed in Sec. III. Our model aims to capture only its effect
on low-energy scattering, which is essential to understand the
energy dependence of the scattering phase, as illustrated in
Fig. 6(a).

Inspired by the general form of Ref. [85], we describe the
open-channel resonance as

SP = e−2ikr0
(k − k∗

s )(k + ks)

(k − ks)(k + k∗
s )

, (29)

where ks = kR + ikI and −k∗
s are the locations of the shape-

resonance poles in the fourth and third quadrants of the
complex k-plane (kI < 0). For any value of ks, this form
satisfies S∗

PSP = 1, SP(−k) = S∗
P(k). The background term

exp(−2ikr0) allows for an essential singularity at infinity and
takes into account the effect of short-range physics. We nat-
urally expect r0 to be on the order of rvdW. However, if we
constrain SP to follow the low-energy p-wave threshold law,
then r0 is constrained to be equal to 2�{1/ks} = −2kI/|ks|2.
One can then match the k → 0 limit of SP to find a scattering
volume

VP = −r0|ks|−2(1 − |r0ks|2/3) (30)

and an effective range

RP = r0(1 − |r0ks|2/3)2

1 − |r0ks|2 + |r0ks|4/5
(31)

such that VP ≈ −r0|ks|−2 and RP ≈ r0 for |kI | � kR, as ex-
pected for a narrow low-energy resonance [86]. A similar
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FIG. 6. Scattering phase at high and low energy for ML = +1 at
200 G. The phase shift δ from CC calculations is plotted as the real
part of k3 cot δ (blue solid line) versus collisional energy h̄2k2/m.
(a) k3 cot δ becomes nonlinear at higher collision energies, showing
the necessity of including the shape resonance in the experimentally
relevant regime. The best-fit model S (blue squares) captures the
deviation from the effective-range approximation (black dashed line)
up to several MHz. (b) At low energy, k3 cot δ has an apparent
divergence due to the dipole-dipole interactions, as explained in the
text. Sdip captures this effect with no fitting parameters.

form of the S matrix is found in p-wave scattering from a
square-well potential whose range is r0 [87]. Thus

SP = e2k/k∗
s

e2k/ks

(k − k∗
s )(k + ks)

(k − ks)(k + k∗
s )

. (32)

B. Feshbach resonance

The energy of ultracold collisions in the open channel is
generally much smaller than the asymptotic energy of the
closed channel to which the open channel is coupled. In
addition, the bound states in the closed channel are typi-
cally spaced such that only a single bound state affects the
open-channel state. Therefore, we can approximate the closed
channel as a single bound state with bare energy εQ [88] that
crosses the energy threshold at B = Bn, and with a magnetic
moment δμ relative to the open channel, such that εQ =
δμ(B − Bn).

Under this assumption, we can exploit the Feshbach for-
malism [89–91] to write a two-channel model:

SFB = 1 − i�(E )

E − δμ(B − Bn) − A(E )
. (33)

Here A(E ) represents the complex-energy shift of the bare
bound state |φb〉,

A(E ) = 〈φb|HQP
1

E+ − HPP
HPQ|φb〉 , (34)

where E+ = E + iε, with ε approaching zero from positive
values. The labels of the coupling matrix strengths HQP =
H†

PQ and the open-channel Hamiltonian HPP refer to the
open-channel subspace P and closed-channel subspace Q.
Considering the multichannel nature of the system, we rec-
ognize that the subspace Q is comprised of multiple channel

basis states whose composition changes as a function of the
magnetic field due to the presence of the Zeeman Hamilto-
nian. Hence, the projection onto Q imparts a magnetic-field
dependence to the coupling matrix strengths which would be
absent in a true two-channel system.

By inserting a complete set of eigenstates for the open-
channel Hamiltonian, we can decompose Eq. (34) as

A(E ) = �res(E ) − i

2
�(E ), (35)

where the real part �res(E ) corresponds to the real energy
shift of the bound state (estimated to be 26 G in Sec. III),
and �(E ) adds a width to the Feshbach resonance. Since the
propagator (E − HPP)−1 in Eq. (34) shares its poles with the
open-channel S matrix SP as introduced in Eq. (32), we expect
the complex-energy shift A(E ) to be well described in terms of
a Mittag-Leffer series which runs over the poles of SP [92–94],
such that (suppressing factors of h̄2/m for now)

A(E ) = 〈φQ|HQP|�s〉
〈
�D

s

∣∣HPQ|φQ〉
2ks(k − ks)

− 〈φQ|HQP

∣∣�D
s

〉 〈�s|HPQ|φQ〉
2k∗

s (k + k∗
s )

, (36)

where we have introduced the Gamow state |�s〉, as well
as its dual state |�D

s 〉 ≡ |�s〉∗. Gamow states correspond to
eigenstates of the open-channel Schrödinger equation with
purely outgoing boundary conditions [95]. Together with their
dual states, Gamow states form a biorthogonal set, such that
〈�s|�D

s′ 〉 = δs,s′ [93,96]. Since |�s〉 is an eigenstate of HPP

with eigenvalue Es and |�D
s 〉 is an eigenstate of H†

PP with
eigenvalue E∗

s , these states follow the typical low-energy
p-wave threshold behavior as implied by the Wigner thresh-
old law [97]. For energy-normalized states, this implies that
�s ∝ k3/2

s and �D
s ∝ (k3/2

s )∗, such that we can approximate
the matrix element 〈φQ|HQP|�s〉 〈�D

s |HPQ|φQ〉 as g′k3
s , with

momentum-independent coupling parameter g′. Substituting
this approximation into Eq. (36) and separating the real and
imaginary contributions according to Eq. (35), we find that

�res(E ) ≈ g′Re

{
E3/2

s

E − Es

}
(37)

and

�(E ) ≈ −2g′ E3/2

|E − Es|2
Im{Es}. (38)

Since the pole of the shape resonance is independent of the
external magnetic field, the full magnetic-field dependence
of �res(E ) and �(E ) is contained in the single parameter g′.
Exploiting the distinct effects of the resonance shift and width,
we retain only the lowest-order momentum dependence of the
previous two expressions in the near-resonant regime, find-
ing that �res(E ) ≈ �res(0) + O(k2) and �(E ) ≈ gk3 + O(k5),
where �res(0) = −g′kR and g = 4g′kIkR(k2

R + k2
I )−2 depend

only on the complex momentum ks and the parameter g′.
Keeping only the lowest-energy terms, Eq. (33) can be con-
veniently recast into the following simplified form around
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resonance:

SFB ≈ 1 − igk3

E − δμ(B − Bn) − �res(0) + i
2 gk3

. (39)

We see that the momentum dependence of SFB with this ap-
proximation follows the threshold scaling of Eq. (2), with
effective range

RFB = m

h̄2

g

2
(40)

and scattering volume

VFB = − g/2

δμ(B − Bn) + �res(0)
. (41)

At B = B0, there is a resonance in VFB. In addition, since g
is B-field-dependent, Eq. (41) also has a background term.
Keeping only the linear variation g ≈ g0(1 + δB/�g), one
recovers Eq. (3), VFB = Vbg(1 − �/δB), with

V −1
bg ≈ −m�gδμ

h̄2R0
− |ks|2

r0
and � ≈ −�g, (42)

where here R0 is the value of RFB at B = B0.
When fitting the combined SPSFB to coupled-channels data

in Sec. V, we allow �res and � to have independent variations
with magnetic field. Relaxing this constraint can capture weak
coupling to other channels with corrections to the positions of
the poles of the S matrix. We write this as

SPSFB = e2k/k∗
s (k − k∗

s )(k + ks)

e2k/ks (k − ks )(k + k∗
s )

E − c − i
2 gk3

E − c + i
2 gk3

, (43)

where δμ(B − Bn) + �res(0) has been replaced by the fitting
parameter c(B), and E = h̄2k2/m. This is the p-wave analog
of the dual-resonant S matrix presented in Ref. [88] for s
waves.

However, even this parameterized two-channel model will
break down if we move sufficiently far away from resonance.
Apart from the need to include the higher-order momentum
dependencies of the resonance shift and width, the coupling to
the |ac〉 channel as discussed in Sec. III becomes increasingly
important and we expect the need to update Eq. (43) to (at
least) a three-channel model in order to accurately model the
CC data.

Figure 6(a) compares SPSFB to CC calculations. The ERA
captures only the linear variation of k3 cot δ with scattering
energy and requires a significant correction on the MHz scale
[51]. Using ks as a free parameter, our model captures the
effect of the shape resonance out to several MHz. The results
from fitting for a variety of magnetic fields near resonance are
discussed further in Sec. V.

C. Dipole-dipole interaction

A third contribution to the scattering phase is the long-
range dipole-dipole interaction (DDI). As shown in Fig. 6(b),
the DDI dominates at low energy, causing a divergence in the
scattering volume and invalidating the ERA [49,52]. However,
the DDI phase shift in the open channel δdip itself is small and
is well treated by the Born approximation [98,99]. In the limit

k → 0,

δ
L,ML
dip ≈ −π 〈i jLML|V3(r)|i jLML〉 , (44)

where we have introduced the dipole-dipole potential V3(r)
acting on a channel state |i jL〉, with atoms in the internal
states |i〉 and | j〉 interacting with relative angular momentum
L and partial-wave projection ML. Considering an external
magnetic field oriented along the z-direction, we can express
the dipole-dipole potential V3(r) as

V3(r) = −d2 1 − 3 cos2 θ

r3
= −2d2Y20

r3
, (45)

where d is the magnetic dipole moment and Y20 is a Racah-
normalized spherical harmonic. Substituting Eq. (45) into
Eq. (44), one finds

δ
L,ML
dip ≈ πmd2

h̄2 〈LML|Y20|LML〉
∫ ∞

0

JL+1/2(kr)2

r2
dr, (46)

where JL+1/2(kr) represents the Bessel function of the first
kind. For L = 1, we then obtain

δ
1,ML
dip ≈ −a1,ML

dip k (47)

and Sdip = exp(2iδ1,ML
dip ), where

a1,0
dip = −md2

5h̄2 and a1,±1
dip = md2

10h̄2 . (48)

The same linear-in-k scaling is found for all L � 1: δ
L,ML
dip =

−(mrC
L,ML
3 k/h̄2)/(L2 + L) for scattering events with reduced

mass mr from a potential V = CL,ML
3 /r3 [100]. The character-

istic length scale has been variously defined as D∗ = md2/h̄2

[101,102], or ad = mrC
L,ML
3 /h̄2 [103], which differ only by

numerical factors calculated as in Eq. (46).
In the |bb〉 channel, at B = 198.5 G, d/μB = −0.889, such

that a1,0
dip = −0.153 a0 and a1,±1

dip = 0.077 a0. The phase shift is
small, and furthermore cancels when summed over all three
ML channels. For these reasons, δdip has been neglected in
previous discussions of p-wave scattering of ultracold al-
kali atoms [51,61], although it is this term that permits the
evaporative cooling of spin-polarized Fermi gases in strongly
dipolar species [104,105].

However, in 40K, δdip does not vanish because the ML = 0
is well separated from the ML = ±1 channels. Figure 6(b)
shows that δdip becomes the dominant phase shift at suffi-
ciently low energy. In the low-k limit, threshold scaling would
give δ → −V k3, which vanishes faster than δdip → −a1,ML

dip k.
One sees that the threshold law is invalidated, and instead for
k2 � |a1,ML

dip /V |,

cot δ → −1

a1,ML
dip k

+ V(
a1,ML

dip

)2 k + O(k3). (49)

With the usual definition V ≡ − limk→0 tan δ/k3, one would
find a divergent V (k) = a1,ML

dip /k2.

We see that a1,ML
dip /V determines a collision energy

E1,ML
dip = − h̄2a1,ML

dip

mV
, (50)

033269-11



DENISE J. M. AHMED-BRAUN et al. PHYSICAL REVIEW RESEARCH 3, 033269 (2021)

TABLE I. Shape resonance parametrization. The best-fit loca-
tion of the poles of SP are ks and −k∗

s , with values given above in
terms of the van der Waals length rvdW = 65.0223 a0. Also given for
reference are the pole locations in the complex energy plane, Es and
E∗

s , in terms of the van der Waals energy Ē/h = 23.375 MHz. The
associated r0 and VP are also given in van der Waals units.

Re ks 0.572 /rvdW

Im ks −0.073 /rvdW

Re Es 0.295 Ē
Im Es/2 −0.038 Ē
r0 0.44 rvdW

VP −1.39 V̄

at which there is a zero crossing in the scattering phase
when E1,ML

dip > 0. Since |E1,ML
dip | � EF , this appears as a low-

energy divergence in cot δ [seen in Fig. 6(b)] for either ML

state. For the background scattering lengths (see Sec. V),
E1,0

dip /h ≈ −11 kHz and E1,±1
dip /h ≈ 6 kHz. Near the Feshbach

resonance, this energy scale is even smaller: compared to the
resonant energy given in Eq. (6), E1,ML

dip /E0 = a1,ML
dip /R, which

is roughly −0.003 and 0.0015 for ML = 0 and |ML| = 1,
respectively.

In analyses of the elastic scattering near the p-wave Fesh-
bach resonance, this weak dipolar effect causes a low-energy
divergence in cot δ. We therefore fit SPSFB to S−1

dipS for
the energy- and field-dependent S from CC calculations. In
general, we find that the Born approximation captures the
DDI phase shift quantitatively below 10 microkelvin [see
Fig. 6(b)], with no fitting parameters. We can then discuss
the low-energy limit of the reduced phase shift, δ − δdip, in
terms of a well-defined scattering volume and effective range,
recovering Eq. (1).

Dipole-dipole interactions can predominate in other sce-
narios. For instance |E1,0

dip |/kB � 2 μK across a 10 G range
around the zero crossing of V . Also, within molecular orbitals
of the closed channel, dipolar interactions are responsible for
the splitting of the Feshbach resonance into distinct ML = 0
and |ML| = 1 features [56].

V. FIELD DEPENDENCE OF THE SCATTERING
PARAMETERS

Having understood both low- and high-energy dependence
of the scattering phase, we can now fit our model to the
scattering phase found by coupled-channels calculations. Us-
ing Eq. (43), the variables ks, c, and g are fit to numerically
generated S−1

dipS across a range of collision energy and fields.
We find that both g and c are approximately linear in magnetic
field, while ks can remain at a fixed, field-independent value
across the range of interest (see Table I). This gives the colli-
sional energy of the shape resonance as ReEs/h = 6.88 MHz,
and its effective width − 1

2 ImEs/h = 0.89 MHz.
The low-energy model parameters can be reexpressed in

terms of the effective range parameters. When combining two
p-wave S matrices with scattering volumes V1 and V2, and
effective ranges R1 and R2, the resulting scattering matrix has

V = V1 + V2 and
1

R
= V 2

1

R1V 2
+ V 2

2

R2V 2
. (51)

TABLE II. The 40K p-wave Feshbach resonance parameters.
Comparison of experimental determinations of resonance location
B0, background scattering length Vbg, width �, and on-resonant ef-
fective range R0. The results from Sec. II C are listed as “exp”; the
fits discussed in Sec. V are listed as “th.” When two uncertainties are
listed, the first is statistical, and the second is systematic.

B0 (G) Vbg (a3
0 ) � (G) R0 (a0) Source

ML = 0
198.85 −(101.6)3 −21.95 47.2 [56]
198.81(5) [41]
198.79(1) [8]
198.796(1)(5) exp
198.803 −(108.0)3 −19.89 49.4 th

|ML| = 1
198.37 −(96.7)3 −24.99 46.2 [56]
198.30(2) [41]
198.30(1) [8]
198.293(1)(5) exp
198.300 −(107.35)3 −19.54 48.9 th

The scattering volume of SPSFB is therefore

V (B) = VFB(B) + VP, (52)

where VFB(B) = − 1
2 g(B)/c(B) and VP is given by Eq. (30). As

discussed in Sec. IV B, the first term creates the resonance of
Eq. (3) and contributes a background due to the field depen-
dence of g. The second term is independent of magnetic field,
and here contributes ∼30% of the total background scattering
volume.

A. Dispersive form of the scattering volume

For the scattering volume near resonance, Eq. (3) is a good
approximation, and we perform a straightforward fit to it, as
presented in Figs. 7(a) and 7(b). We find residuals at the 10−4

level, shown in the inset of Fig. 7(a), where the uncertainties
correspond to the difference between fitting to the real and
imaginary components of the S matrix. We bound the residual
field-dependent corrections to Eq. (3) by looking at sym-
metric and antisymmetric combinations of V (B) around B0.
For instance, Vsym(x) = V (B0 + x)/2 + V (B0 − x)/2, which
should give an x-independent Vsym(x) = Vbg if Eq. (3) is
exact, or reveal corrections even in δB. Similarly, Vas(x) =
V (B0 + x)/2 − V (B0 − x)/2 should give an x-independent
Vas(x) = Vbg�/x. Here we find a residual background slope of
�102a3

0/G across the plotted range, below the 10−4 precision
of the numerical determination. In sum, Eq. (3) is an excellent
parametrization of the CC-determined V (B) near the p-wave
Feshbach resonances of 40K.

The best-fit values of B0, Vbg, and � are given in
Table II. The accuracy of the resonance positions, ±5 mG
(see Sec. II C), are improved by an order of magnitude when
compared to the previous spectroscopic study [41]. The back-
ground scattering volume is primarily due to the open-channel
van der Waals potential: Vbg estimated by using the triplet
scattering length with Eq. (25) is ≈−4.77 V̄ , and here we
find Vbg/V̄ ≈ −4.84. The resonance width � predicts a zero
crossing of V at B0 − � ≈ 179 G. However, as discussed in
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FIG. 7. Effective range parameters. (a) Scattering volume V and (b) inverse scattering volume V −1 versus field detuning from from
Feshbach resonance. Blue squares are fits to the CC phase shift versus energy at each magnetic field; the black line is Eq. (3) with values
given in Table II. The inset shows the fit residuals. (c) The effective range R versus field detuning from resonance. Values determined through
fits to CC phase shift versus energy (blue squares) are compared to the van der Waals limit of a broad resonance [black dashed and Eq. (54)],
a single-parameter fit with the width parameter ζ [black solid line and Eq. (55)], and a linear fit (green dashed). Panels (a) and (b) show
the |ML| = 1 channel, but apart from a shift in B0, the three channels have a similar behavior. (d) Dashed lines show bound-state poles from
Eq. (4) below resonance, and the scattering resonance (6) above resonance, using the parametrization of Eqs. (3) and (55), with values given
in Table II. The points (open squares) are the poles of SFB. They are both compared to the CC binding energies (solid lines).

Sec. IV C, dipolar physics will dominate for ultracold colli-
sions with small V , such that the ERA will no longer be valid.
As pointed out by Refs. [51,61,62], the long-range nature of
the van der Waals potential will also become increasingly
relevant near the zero crossing.

B. Parameterization of the effective range

The effective range of SPSFB is determined by the fit
values of kS , c, g, Eqs. (30), (31), (40), and (51), and plot-
ted in Fig. 7(c) for |ML| = 1. A phenomenological linear
fit to R(B) = R0(1 + δB/�R) gives �R = 21.1 G and �R =
21.7 G for |ML| = 0 and 1 respectively, and is shown as a
green dashed line in Fig. 7(c). As anticipated by Eq. (42),
�R ≈ −�, since both are due primarily to the field depen-
dence of the coupling g.

1. Narrow-resonance limit

Insight into the relationship between R(B) and V (B) can
be gained by considering a p-wave Feshbach resonance with
B-field independent RFB,0 = mg0/(2h̄2), such that VFB,0 =
−g0/(2 δμ δB). The background scattering volume will then
be solely due to the open channel, with Vbg and Rbg. Using
Eq. (51), one finds that the scattering volume, Vbg + VFB,0,
now matches the form of Eq. (3) with � = g0/(2 δμVbg). In
the limit V 2

bg/Rbg � V 2
FB,0/RFB,0, the effective range is con-

trolled by SFB, and is

R ≈ RFB,0

(
1 − δB

�

)2

= RFB,0

(
1 − Vbg

V (B)

)−2

. (53)

A similar form is found [106,107] in the s-wave case for
narrow resonances, where the effective range re scales with
scattering length a as [1 − abg/a(B)]2.

2. Broad-resonance limit

In the opposite limit, when the effective range is controlled
by the open channel, one would expect R to approach the van
der Waals limit, RvdW, where [108]

RvdW(B) = Rmax

[
1 + 2

V̄

V (B)
+ 2

V̄ 2

V (B)2

]−1

. (54)

Here Rmax ≡ 5V̄ /(4r2
vdW), and V̄ is given by Eq. (26). In the

case of 40K, Rmax ≈ 1.162rvdW ≈ 76 a0 is the maximum on-
resonance value of the effective range allowed by causality
[37,62,109] and the long-range van der Waals tail.

3. General case

For a resonance of mixed open- and closed-channel char-
acter, it has been found that a quadratic variation of effective
range across the resonance is widely applicable to resonances
of various widths and partial waves [107]. The effective range
on resonance is not expected to be universal, but can be taken
as a fit parameter to experimental data or a CC calculation.
One can define a dimensionless parameter ζ that character-
izes the strength of the resonance by interpolating between
Eqs. (54) and (53) in the broad |ζ |  1 and narrow |ζ | � 1
limits respectively [108,110,111], such that R is given by

R−1(B) = −R−1
max

ζ

[
1 − Vbg

V (B)

]2

+ R−1
vdW(B), (55)

in which −ζ = R0/(Rmax − R0). Figure 7(d) shows that fitting
the single parameter R0 can match both the resonant value
of R and its on-resonant linear slope ≡ R0/�R, where from
Eq. (55),

�R = −�

[
2 − 2

R0

Rmax

(
1 + V̄

Vbg

)]−1

. (56)

The ζ values for the ML = 0 and |ML| = 1 channels are
{−1.90,−1.85}, respectively. Since |ζ | > 1 the resonance
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can be considered broad. By comparison, one finds ζ ≈
−4.1 × 10−5 for the narrow resonance at 170 G discussed
in Appendix D, ζ ≈ −0.3(1) for the most commonly used
6Li p-wave Feshbach resonance [2,20,22,23,42–45], and ζ as
large as −560 for p-wave resonances in bosonic 85Rb / 87Rb
mixtures [111].

C. General properties of the S matrix

To be clear, even in the limit |ζ | → ∞, however, ultra-
cold p-wave scattering is energetically narrow: �0/E0 → 0
as E0 → 0, unlike s-wave scattering but similar to any L � 1
collision. Also unlike s waves, one cannot neglect the effective
range in the infinitely broad limit.

The parametrizations of Eqs. (3) and (55) along with the
pole location Eq. (4) below resonance or the scattering res-
onance energy Eq. (6) above resonance, give a closed-form
expression for the p-wave dimer energy. Figure 7(d) compares
this energy directly to the CC energies, using the values given
in Table II . We see that the parametrization provides an accu-
rate description of the dimer energies across several gauss.

A more accurate determination of the dimer pole of the S
matrix can be found directly from SFB, instead of the ERA
parameters. The pole below resonance can be found by solv-
ing Eb − c + igk3/2 = 0 and taking the relevant root. Above
resonance, because the Feshbach resonance is sharp across
the range of interest, E0 ≈ c is a good approximation of the
scattering resonance. As shown in Fig. 7(d), isolating this term
in the two-channel model matches the ERA analytic result at
very low energy (E � Es, for which SP can be taken to be
unity) but improves agreement with the full CC calculation for
energies � 0.5 MHz, just as one would expect from Fig. 6(a).

VI. CONCLUSION

We have used experimental and theoretical tools to probe
the physics of ultracold p-wave collisions and near-threshold
Feshbach dimer states.

A salient phenomenon is the “bending” of the dimer en-
ergy, seen as a deviation from field-linearity in Eb (below
resonance) and E0 (above resonance). The clear observation of
this nonlinearity is enabled by analytic line-shape functions,
resulting in excellent agreement with coupled-channels calcu-
lations, at a surprising milligauss scale. We explain, through
both numerical and analytical models, that the origin of the
curvature is the interplay of the ramping closed-channel state
with the near-threshold shape resonance in the open channel.
This provides a satisfying resolution to the discrepancy found
in pioneering spectroscopy of the same resonance [41].

Coupled-channels calculations based on the full Hamil-
tonian proves to be an effective and accurate tool in
understanding the collision physics of this dimer system. Cal-
culations beyond the range of experimental measurements
illustrate the complexity of collisions near the shape res-
onance, for which coupling between channels reach their
unitary limit in this system. However, for ultracold (here sub-
MHz) collisions, cross-channel couplings become small and
the physics is dominated by elastic scattering. In this regime
we develop an analytic treatment based on a three-component
S matrix, which includes the effect of the p-wave Feshbach

resonance, the open-channel p-wave shape resonance, and
long-range dipole-dipole interactions.

The dipolar phase shift causes the scattering volume to
diverge at low energy due to its long-range character. This
is strikingly different from the s-wave case. However since
the absolute phase shift is small, it can be treated analytically,
allowing us to isolate its contribution to the S matrix and
recover the conventional threshold scaling of scattering from
the short-range component of the potential.

Applied to the 40K p-wave resonances near 198.5 G, we
fit our model to the low-energy scattering phase generated
by coupled-channels calculations. This allows an improved
parametrization of the resonances, including location and ef-
fective range parameters (V and R), as well as an effective
shape-resonance location (ks), and a parametrization of the
Feshbach pole (c and g).

Several aspects of the collision physics can be understood
approximately in terms of the open-channel van der Waals
potential and quantum defect theory: the energy of the p-wave
shape resonance, the background scattering volume (25), the
relations (37) and (38) between the channel coupling and
the complex-energy shift of the bare bound state, and the
broad-resonance limit of the effective range (54). The com-
parison between the inferred R at resonance and its maximum
causality-limited value leads to a quantification of the “width”
of the p-wave resonance, through Eq. (55).

Our work sets the stage for exploration in several ways.
We have benchmarked coupled-channels calculations for two-
body p-wave states in the continuum, building confidence in
their extension to three-body states or strongly confined ge-
ometries. These calculations also make an updated prediction
for the lifetime of the p-wave Feshbach dimers, relevant to
feasibility of p-wave Fermi liquids [112]. We have a better
understanding of the limitations of the ERA, which is relevant
to theoretical predictions based on this parametrization of the
phase.
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APPENDIX A: RESONANT ASSOCIATION RATE

In this section we outline the procedure to obtain the rate
as introduced in Eq. (8) for a free-to-bound state transition in
the RA protocol. We conclude with a discussion on how this
framework can be generalized to the SFA protocol as well as
to transitions to quasibound states.

In the RA protocol, where oscillation the longitudinal
magnetic field results in coupling to a Feshbach dimer, we
need to use (at least) a two-channel model in order to de-
scribe the incoming and outgoing states. The Hamiltonian of
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this two-channel model with open-channel subspace P and
closed-channel subspace Q can be written as

H2ch =
(

HPP HPQ

HQP HQQ

)
, (A1)

where we have introduced the coupling matrix strengths
HQP = H†

PQ and the open- and closed-channel Hamiltonians
HPP and HQQ respectively. We can then define the following
two-component wave function �(r, E )

�(r, E ) = φ(r, E ) |Q〉 + ψ (r, E ) |P〉 , (A2)

where φ(r, E ) and ψ (r, E ) represent the distance-dependent
components of the total wave function in the two channels.
The wave function �(r, E ) of the full two-channel system is
energy normalized, such that∫ ∞

0
�+(E )∗�+(E ′) dr = δ(E − E ′) (A3)

and ∫ ∞

0
�b(Eb)�b′ (Eb′ ) dr = δb,b′ , (A4)

with scattering wave functions �+ and bound state wave
functions �b. Using Eq. (A2), the orthogonality of the energy-
normalized wave functions implies that∫ ∞

0
φ∗

b (r, Eb)φ+(r, E ) dr

+
∫ ∞

0
ψ∗

b (r, Eb)ψ+(r, E ) dr = 0. (A5)

Here we note that, whereas the total wave function is or-
thogonal, the overlap between two open/closed channel wave
function components with different energies is not necessarily
zero.

In general, the presence of an oscillating magnetic field
Bmod at frequency ω adds a contribution Hmod to the total
Hamiltonian, where

Hmod = −μ · Bmod (A6)

with magnetic moment μ. As outlined in Sec. II A, the oscil-
lating field in the RA protocol is aligned with the Feshbach
field, such that Bmod = Bmod ẑ introduces a σz coupling and
hence drives �m f = 0 transitions. In the dressed-state pic-
ture, a free-to-bound RA transition is between an initial state
|α, N〉 and a final state |α′, N + 1〉, where α and α′ represent
the internal state of the two-atom system and where N and
N + 1 indicate the number of quanta in the drive field. The
Hamiltonian HD can then be written as

HD →

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

. . .

[H2ch]N Bmod

[
μP 0
0 μQ

]

Bmod

[
μP 0
0 μQ

]
[H2ch]N +

[
h̄ω 0
0 h̄ω

]
. . .

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

(A7)

We can now apply Eq. (8) to the perturbing Hamiltonian
Hmod of the RA protocol in order to find the transition rate
from the initial free state |α, N〉 to the final bound state

|α′, N + 1〉

γ = 2π

h̄
|〈α, N + 1|Hmod|α′, N〉|2

= 2π (δμ Bmod)2

h̄

∣∣∣∣
∫ ∞

0
ψ∗

b (r, Eb)ψ+(r, E )

∣∣∣∣
2

dr, (A8)

where δμ = μP − μQ. Equation (A8) implies the linear scal-
ing of the transition rate with the Franck-Condon factor Ffi as
introduced in Eq. (9), with initial state ψi(r) = ψ+(r, E ) and
final state ψf (r) = ψb(r, Eb).

Following Refs. [113,114], the analysis presented in this
section can be readily adapted to suit the SFA protocol de-
scribed in Sec. II A. The incoming state for SFA has no
Feshbach resonance and can be described by a single-channel
Hamiltonian. The outgoing state is, however, the same as
in the RA protocol, and similarly needs to be described (at
least) by the two-channel Hamiltonian introduced in Eq. (A1).
In addition, one could use a similar approach to analyze a
free-to-quasibound transition. Contrary to the free-to-bound
transition, the transfer towards a quasibound state with a
higher energy than the incoming free state requires the ab-
sorption of a drive-field photon, such that the final state is
|α, N − 1〉.

Due to the analogy between the SFA protocol and free-to-
quasibound transitions on the one hand and the RA transition
analyzed in this section on the other hand, we can still
generally write γ ∝ Ffi, where the differences between the
considered protocols and transitions result in different propor-
tionality factors.

APPENDIX B: ATOM LOSS FOR TRANSITIONS TO
BOUND AND QUASIBOUND STATES

Here we outline the assumed rate hierarchy underlying the
perturbative atom-loss formulas in the main text. As men-
tioned in Sec. II B, we exploit the analogy between the PA
protocol as discussed in Ref. [60] and the SFA and RA proto-
cols in order to find a relation for the atom loss. Reference [60]
used a field-dressed scattering formalism to obtain the two-
body rate constant Kloss for atom loss driven on-resonance by
an optical frequency laser. This formalism is readily adapted
to our case where the field-dressed states are coupled by a
low-frequency oscillatory magnetic field instead of an optical
frequency laser [113,115]. We find that the number of atoms
lost due to a near-resonant pulse of such radiation is

δNloss = aN

∫
P(T, E )

h̄2γdγ (E )

(E − Ek )2 + (h̄γtot (E )/2)2
dE ,

(B1)

with a scaling factor aN that depends on experimental details
(e.g., the time of the association pulse and the spatial distribu-
tion of the atoms in the trap) and a thermal factor P(T, E ). The
necessity to average over a thermal distribution arises from the
nonzero temperature of atoms in the the experimental set-up
and will be discussed in detail in Sec. II C. We furthermore
recognize the presence of three different rate constants γ (E ),
γd and γtot (E ) in Eq. (B1). Here γd represents the decay rate
of the (quasi)bound state due to all one-, two-, and three-
body decay processes that result in trap loss, whereas γ (E )
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represents the stimulated emission rate of (quasi)bound-state
atoms as presented by Eq. (8) back to the initial state |i〉.
The total decay rate γtot (E ) = γ (E ) + γd + γoth, where γoth

represents any remaining part of the total decay rate that does
not correspond to stimulated emission and that does not result
in trap-loss.

As previously discussed in Sec. II A, we are working with
experimental temperatures ranging from 0.2 μK to 0.5 μK.
This means that the thermal factor P(T, E ) in Eq. (B1) will
have an energetic width in the order of kBT/h ∼ 10 kHz.
For free-to-bound transitions, this thermal width kBT is much
larger than the decay width, such that kBT/h̄  γtot (E ). Con-
sequently, the line shape in Eq. (B1) looks like a delta function
centered at Ek with respect to the thermal spread in the energy,
such that we can integrate over the Lorentzian and find [116]

δNloss = AN P(T, Ek )
γdγ (Ek )

γtot (Ek )
, (B2)

where we have introduced the scaling constant AN and where
the energy is now fixed to Ek defined by Eb and h̄ωosc. In both
the SFA and RA protocol, we assume that the decay rate γd of
the (quasi)bound state that leads to atom-loss is much larger
than the rate of stimulated emission γ (E ) and the non-loss-
related decay rate γoth. This implies that the total decay rate
can be approximated as γtot ≈ γd , such that Eq. (B2) reduces
to

δNloss = AN P(T, Ek )γ (Ek ), (B3)

and the total number of atoms N = Nin − Nloss can be calcu-
lated in accordance with Eq. (10).

Whereas we can still approximate γtot ≈ γd in the case
of free-to-quasibound transitions, we are no longer in the
regime where the limit kBT/h̄  γd applies. As analyzed
in Sec. III B, the width of the bound state rapidly increases
once the energy threshold is crossed. Consequently, the line
shape can no longer be regarded to be narrow with respect to
the thermal distribution and we have to consider off-resonant
transitions to contribute to the atom loss. When γd ≈ �0 >

kBT/h̄, the width term in the denominator exceeds the energy
term in the low-energy regime where the thermal factor is
large, the variation with E in the denominator is weak, and
Eq. (B1) can be approximated by a form similar to Eq. (B3),

δNloss = A′
N

∫
P(T, E )γ (E ) dE , (B4)

where A′
N once more represents an energy-independent con-

stant and where the total number of atoms N can now be
calculated in accordance with Eq. (11).

APPENDIX C: FRANCK-CONDON FACTOR FOR
QUASIBOUND TRANSITIONS

The FC factor for transitions from incident wave vector k
to quasibound wave vector kq is found by evaluating Eq. (9)
with

ψi =
√

m

π h̄2k
[cos(δ) ĵ1(kr) + sin(δ) n̂1(kr)] and

ψf =
√

m

π h̄2kq
[cos(δq) ĵ1(kqr) + sin(δq) n̂1(kqr)], (C1)

where δ and δq are the phase shifts of the free and quasibound
states respectively. As outlined in Sec. II B 1, we neglect
the short-range contribution to the overlap by cutting off all
integrals at the length scale rc. We find that

Ffi(kq ) = m2

π2h̄4kkq
| cos(δ) cos(δq)I + sin(δ) sin(δq)II

+ cos(δ) sin(δq)III + sin(δ) cos(δq)IV|2, (C2)

where the integrals I–IV are

I ≡
∫ ∞

rc

ĵ1(kqr)ĵ1(kr) dr = π

2
δ(k − kq )

+ k sin(krc)ĵ1(kqrc) − kq sin(kqrc)ĵ1(krc)

k2 − k2
q

, (C3)

II ≡
∫ ∞

rc

n̂1(kqr)n̂1(kr) dr = π

2
δ(k − kq )

+ k cos(krc)n̂1(kqrc) − kq cos(kqrc)n̂1(krc)

k2 − k2
q

, (C4)

III ≡
∫ ∞

rc

ĵ1(kr)n̂1(kqr) dr

= k sin(krc)n̂1(kqrc) − kq cos(kqrc)ĵ1(krc)

k2 − k2
q

, (C5)

IV ≡
∫ ∞

rc

n̂1(kr)ĵ1(kqr) dr

= k cos(krc)ĵ1(kqrc) − kq sin(kqrc)n̂1(krc)

k2 − k2
q

. (C6)

Here we have used Ref. [117] and the recursion rela-
tions ĵ�+1(z) = (1 + 2�)ĵ�(z) − ĵ�−1(z), and n̂�+1(z) = (1 +
2�)n̂�(z) − n̂�−1(z). As outlined in Sec. II B 2, Eq. (C2) re-
duces to the simplified expression Eq. (20) if the parameters
in the SFA experiment satisfy Eq. (18). This reduces the
computational time of the fitting to the experimental data
significantly.

APPENDIX D: NARROW p-WAVE RESONANCE AT 170 G

Figure 8 expands the region of the narrow resonance near
170 G in Fig. 3(c) to illustrate how the very weak resonance
differs dramatically from the much stronger one near 198 G
studied in this paper. The spin properties of the bound state
making this narrow resonance are explained in Sec. III B. The
contour plot above threshold shows how this resonance shows
up in the weak loss given by |Sbb,ab|2 � 1. We see that the
quasibound state for E > 0 does not bend with increasing B
as it crosses the broad horizontal shape-resonance region of
enhanced background loss to |ab〉 centered around 7 MHz.

Fitting the CC elastic scattering S-matrix element near
170 G yields a small value of Vbg� ≈ 149 a3

0 G, which
with the value δμ/h = 1.51 MHz/G in Sec. III B gives
a very small ζ = −4.1 × 10−5. Here we have used the
relation from Ref. [108] for an isolated resonance, ζ =
−(mVbg�δμ)/(h̄2Rmax) = −0.8753(Vbg�δμ)/(V̄ Ē ), where
the factor 0.8753 = �( 1

4 )4/(20π2). This ζ is five orders of
magnitude smaller than the value ζ ≈ −2 for the 198.5 G
resonance.
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FIG. 8. Bound and scattering properties for the narrow p-wave
resonance with Mtot = −7. The two bound states below the |bb〉
threshold are the same as in Fig. 3(c) with the same color coding;
the energy zero is the separated atom energy of the |bb〉 channel.
The contours above threshold show |Sbb,ab|2 for weak decay from
|bb〉 to |ab〉, with red and blue respectively indicating maximum
and minimum magnitudes of 2 × 10−5 and zero respectively. The
horizontal band centered around 7 MHz represents enhanced loss due
to the |bb〉 channel shape resonance.

APPENDIX E: DISCUSSION OF THE s-WAVE FESHBACH
RESONANCE NEAR 202 G

As an ancillary result, our updated 40K coupled-channels
calculations provide some insight into the physics and
parametrization of the commonly used s-wave Feshbach res-
onance, near 202 G. First, we elucidate the relation of the
s-wave resonance in the |ab〉 channel to the p-wave resonance
in the |bb〉 channel that is the main topic of this paper. Then
we comment on the discrepancy in parametrization of this
resonance, and its possible resolution.

1. Coupled-channels theory

The same coupled-channels theory as described in Sec. III
is used to calculate the bound and scattering properties of the
s-wave resonance in the |ab〉 channel, for which Mtot = −8.
There are only two s-wave channels with this Mtot value,
|ab〉 and |ar〉, which are strongly coupled by spin-exchange
coupling. Adding d-waves to the calculation makes only mG-
scale shifts in the calculated resonance positions.

Figure 9, analogous to Fig. 3(c), shows the avoided cross-
ing of the last bound state of the |ab〉 channel and the
next-to-last bound state of the |ar〉 channel. This avoided
crossing “pushes out” the |ab〉 bound state at its threshold
crossing of 202.110 G. The lower branch of the crossing
“returns” to the |ab〉 level below threshold at high B above the
crossing. The contour plot in the continuum shows that the
ramping state reappears in the upper branch above threshold
as a broad resonance feature sloping to the right. The last
|ab〉 bound state has entrance-channel character (>99%) and
is more than 90% triplet over the range shown; for reference
purposes, Fig. 9 shows the energy of the last bound state of
a van der Waals potential with the triplet scattering length.
The ramping state away from threshold has dominant |ar〉

FIG. 9. Bound and scattering properties for s-wave resonance
with Mtot = −8. The two bound states below threshold are the last
bound state (labeled −1, ab) of the |ab〉 open s-wave channel and
the next-to-last bound state (labeled −2, ar) of the closed |ar〉 s-
wave channel; the energy zero is the separated atom energy of the
|ab〉 channel. The dashed line shows the last bound state of a van
der Waals potential with the triplet scattering length. The contours
above threshold show sin2 δbb(E , B), with red and blue respectively
indicating unity and zero.

character (≈ 95%) and is mainly singlet in character (more
than 80%), with a relatively low magnetic moment.

One essential difference between the s-wave and p-wave
cases is that the last bound state of the entrance channel (|ab〉
or |bb〉) is different: in the s-wave case, it is a real bound
state below threshold; in the p-wave case, it is a shape reso-
nance above threshold, as discussed in Sec. III. Otherwise, the
spin nature of the ramping states and the “avoided crossing”
with the emergence of a broad resonance above threshold are
similar in the s-wave and p-wave cases, with the threshold
specifics being quite different because of the different nature
of the threshold properties for the s-wave and p-wave cases.
The universal quantum defect theory for a van der Waals
potential predicts both the −9 MHz s-wave “last” bound state
and the +7 MHz p-wave shape resonance connected with a
van der Waals potential with the triplet scattering length. In
the 200 G region, both the |ab〉 and |bb〉 channels are predom-
inately triplet in character, which is why the triplet scattering
length makes a good background parameter for both channels
(discussed in more detail in Sec. V and the next section),
whereas the ramping state in both cases is predominantly
singlet in character.

2. Discrepancy question

The scattering length is typically parameterized as

a(B) = abg

(
1 − �

B − B0

)
, (E1)

where abg is the background scattering length, B0 is the lo-
cation of the Feshbach resonance, and � is the width of
the resonance. This implies a zero crossing of the scattering
length of Bzc = B0 + �. This resonance has been studied in
numerous previous works [63,84,118–123]. However, as pre-
cision has improved, a discrepancy has developed. As shown
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TABLE III. The 40K s-wave Feshbach resonance parameters.
Comparison of experimental determinations of resonance location
B0, width �, zero-crossing field Bzc, and the background scattering
length abg. Directly measured quantities are indicated in boldface,
while inferred or assumed values are in regular font.

B0 (G) � (G) Bzc (G) abg(a0 ) Source

201.5(14) 8.0(11) 209.5 174(7) [118]
7.8(6) 174 [1]

202.10(7) 7.8(6) 209.9 174 [119]
202.20(2) 7.04(10) 174 [84]

209.6(1) [120]
7.0 209.1(2) [121]

202.14(1) 6.70(3) 208.84 169.7 [122]
209.07(1) [123]

202.15(2) 6.910(3) 209.06(2) 166.978(2) This work

in Table III, B0 determined by Refs. [84] and [122] disagree
by 60 mG, or at least three sigma, and Bzc determined by
Refs. [122] and our previous work [123] differ by 200 mG,
or at least six sigma.

By comparison, based on the potentials we use, our CC cal-
culations find B0 = 202.110(1) G and Bzc = 209.018(1) G.
The value for B0 is −30(10) mG from Ref. [122], and the
value for Bzc is −50(10) mG from Ref. [123]. This suggests
that a +40(20) mG correction to the CC theory would give

good agreement with both recent measurements. We show
this updated parameter set as the last line of Table III: B0 =
202.15(2) G and Bzc = 209.06(2) G.

From CC data for a(B), the background scattering length
and quadratic correction terms can be extracted by plotting
asym(x) = a(B0 + x)/2 + a(B0 − x)/2 versus x, which should
give an x-independent value of abg if Eq. (E1) is correct.
We find a small curvature (≈3 × 10−5a0/G2) leads to a
10−3a0 variation in asym(x) across ±10 G. The best-fit abg is
166.978(2)a0. This value is roughly 2.5a0 (2%) lower than
the triplet scattering length aT ≈ 169.5a0 from Ref. [63]. As
discussed in the previous section, the closed-channel state is
primarily, but not purely, triplet. We estimate that roughly
half of the discrepancy between the � = 6.70(3) G found in
Ref. [122] and the value of � we give here can be explained
by their use of abg = aT, since near-resonant spectroscopy
constrains the product abg�.

A similar analysis using aasym(x) = a(B0 + x)/2 − a(B0 −
x)/2 should give an x-independent value of xaasym(x) = abg�

if Eq. (E1) is accurate. We find a residual background slope of
∼1.2 × 10−2a0/G across a ±10 G range. Including this term
would decrease the best-fit � in Eq. (E1) by 3 mG. We use
this systematic as an estimate of its uncertainty in the values
in Table III. In sum, Eq. (E1) is an excellent parametrization
of the CC-determined a(B) resonance across ±10 G, and con-
sistent with the most recent and precise measurements of the
Feshbach resonance when shifted by +40(20) mG.
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